Abstract-We construct a full data rate space-time block code over M = 2 transmit antennas and T = 2 symbol periods, and we prove that it achieves a transmit diversity of 2 over all constellations carved from Z[i] 4 . Further, we optimize the coding gain of the proposed code and then compare it to the Alamouti code. It is shown that the new code outperforms the Alamouti code at low and high SNR when the number of receive antennas N > 1. The performance improvement is further enhanced when N or the size of the constellation increases. We relate the problem of space-time diversity gain to algebraic number theory, and the coding gain optimization to the theory of simultaneous Diophantine approximation in the geometry of numbers. We find that the coding gain optimization is equivalent to find irrational numbers "the furthest" from any simultaneous rational approximations.
I. Introduction
T he large capacity of multi-antenna systems and the desire to transmit at higher data rates with better performance over wireless channels have motivated much research on signal processing over multiple transmit-receive antennas [1] - [4] . A higher data rate can be achieved by transmitting symbols simultaneously from M transmit antennas [2] . In a fading environment where the receiver can not recover an information symbol affected by a deep fade, one improves the performance by providing the receiver with different replicas of the transmitted symbols. This can be done with multi-receive antennas with sufficient spacing so that the fades over each receiver are independent from the fades on the other receivers. The diversity can also be obtained at the transmitter by spacing the transmit antennas sufficiently and introducing a code between the transmitted symbols over M transmit antennas (space) and T symbol periods (time) [1] , [3] . Improving the performance over wireless channels can be done by transmit and/or receive diversity techniques [1] , [3] , [5] ; in a sysKeywords: Diversity methods, block codes, lattices, maximum likelihood decoding.
tem of M transmit and N receive antennas the maximum achievable transmit diversity is M and the total achievable diversity is M N . In [4] , a multi-antenna prototype, called Vertical Bell Labs Layered Space-Time (V-BLAST), with a very high spectral efficiency is proposed, but the detection algorithm proposed in [4] does not fully exploit the receive diversity. In [6] , Damen et al. exploited the lattice representation of a multi-antenna system in order to apply the sphere decoder and fully exploit the receive diversity giving a large improvement over [4] . Alamouti [1] proposed a space-time (ST) block code of rate 1 symbol per channel use (PCU) that achieves a 2N diversity for M = 2 transmit and N receive antennas, and has a linear processing optimal decoder. The latter scheme has been generalized for M ≥ 2 in [3] , where it has also been proved to be the unique scheme of rate 1 symbol PCU using complex constellations and linear decoder; for some other values of M > 2, ST codes have been proposed with rates of 1/2 and 3/4 symbol PCU. In [5] , Damen et al. proposed a different approach to exploit the transmit diversity using rotated constellations and the Hadamard transform. The latter codes achieve the diversity M N and have a rate of 1 symbol PCU over real or complex constellations for M = 2 or multiple of 4. The decoder used in [5] is the sphere decoder. However, for most values of M and N , the codes proposed in [1] , [3] , [5] have small rates compared to the actual capacity of multi-antenna systems [2] . In [7] , ST codes with higher data rates than the ST codes in [1] , [3] , [5] were proposed. However, the so-called linear and dispersive (LD) ST codes [7] do not necessarily satisfy the construction criteria in [8] , [3] .
In this paper we relax the constraint of linear processing decoder and we propose an ST code for two transmit antennas which achieves the maximum transmit diversity [8] , [3] , and has a transmission rate of 2 symbols PCU. We present a comprehensive study of the proposed ST code properties based on number theory. It is shown that due to the lattice structure of the code, the maximum likelihood (ML) decoder has a moderate complexity.
The paper is organized as follows: in Section II we give the system model and recall the construction criteria of block ST codes in [8] , [3] . In Section III we give preliminary definitions and results from number theory, which we will use to construct our ST code. Section IV describes the properties of the proposed ST code, where we prove it to satisfy the construction criteria in [8] , [3] without data rate reduction. We consider the decoding in Section V. In Section VI we give further results from number theory, where we relate the optimization of the coding gain of the proposed code to the simultaneous Diophantine approximation. Before concluding the paper, we give some simulation results in Section VII.
II. Problem Formulation
Consider an information symbol vector s = (s 1 , . . . , s q ) T , q ≥ 1, where s j , j = 1, . . . , q, belongs to a given constellation (PAM, QAM or PSK). A block ST code associates with each information symbol vector s an M × T matrix B(s) where M encoded symbols b mt (m = 1, . . . , M) are transmitted simultaneously from all transmit antennas at time t (t = 1, . . . , T ). There is a one-to-one correspondence between the information symbol vector s and B(s). When there is no confusion we denote the block ST code by B. We normalize the transmitted power by M so that the total transmitted power is independent of M . At time t and over the nth receive antenna, one has
where h nm are the fades between transmit antenna m and receive antenna n, and are assumed to be i.i.d. zero-mean complex Gaussian random variables with variance 0.5 per real dimension, and fixed during T time periods (quasistatic fading). w nt are assumed to be independent samples of a zero-mean complex Gaussian random variables with variance σ 2 per dimension. Let X be the N × T received signal matrix; H is the N × M channel matrix; W is the N × T noise matrix. One has
Over a quasi-static fading, minimizing the pairwise error probability (PEP) of the ML detection of s 2 given that s 1 = s 2 has been sent is equivalent to satisfying [8] , [3] • The rank criterion: the minimum rank r of B(s 1 )−B(s 2 ) taken over all distinct pairs (s 1 , s 2 ), is the diversity gain and should be maximized.
• The determinant criterion:
, taken over all distinct codeword pairs, is the coding gain and must be maximized, where λ j , j = 1 . . . r, are the nonzero eigenvalues of AA H , with A H denoting the conjugate transpose of matrix A. For example, the Alamouti scheme is given by [1] 
where s 1 , s 2 are complex information symbols (PSK, QAM), and s * denotes the complex conjugate of s. The code (3) satisfies the criteria above; in fact, its coding gain is
The ST code (3) transmits at a rate of 1 symbol PCU, and due to the orthogonality of the columns of G 2 , The metric for ML decoding can be produced by linear processing [1] .
III. A Space-Time Code Based on Number Theory
Before the construction of our ST code we give hereafter some necessary definitions from number theory [9]- [11] .
A. Preliminary Definitions from Number Theory
Let Z, Q, R, and C denote respectively the ring of rational integers, the field of rationals, the field of reals, and the field of complex numbers, and let i = √ −1. Also, let Z[i] denote the ring of complex integers and let Q(i) denote the field of complex rational.
Definition 1: Let φ ∈ C. Then φ is called an algebraic number if there exists a polynomial P ∈ Z[X] such that P (φ) = 0. We call φ an algebraic integer if, in addition, one can choose P to be monic (i.e., with leading coefficient equal to 1). For φ algebraic, there exists a unique irreducible polynomial µ φ (X) ∈ Q[X] with leading coefficient 1 which has φ as a root. We call µ φ (X) the minimal polynomial of φ. The degree of φ, n, is defined to be the degree of µ φ (X). If φ is complex, one can also define µ φ (X) over Q [iX] .
Example 1:
. The degree of φ over Q is 4 and one has φ 4 = −1 ∈ Q. The minimal polynomial of φ over Q[iX] is given by µ φ (X) = X 2 − i, and φ has a degree 2 over Q(i).
Definition 2:
We define the height of a polynomial P (X) ∈ Q[X] as the maximum modulus of its coefficients. Suppose that µ φ (X) ∈ Q[X] is the minimal polynomial of the algebraic number φ. If we multiply µ φ (X) by the least common multiple of the denominators of its coefficients, we obtain a primitive polynomial µ φ (X) ∈ Z[X] such that µ φ (φ) = 0 (a polynomial in Z[X] is called primitive if there is no integer greater than 1 which divides all of its coefficients). Then the height of φ is defined to be the height of µ φ (X). It is easily seen that for φ algebraic, there exists an integer r > 0 such that rφ is algebraic integer.
Example 2:
and it is primitive, so the height of φ equals 1.
Definition 3: An algebraic number field K is a field containing Q which, considered as a Q-vector space, is of a finite dimension. The dimension of K over Q is called the degree of K over Q and is denoted by [K : Q]. It can be proved that given an algebraic number field K of degree [K : Q] over Q, then there exists an algebraic number φ ∈ K of degree n = [K : Q] such that K = Q(φ). Such a number is called a primitive element. The set {1, φ, . . . , φ n−1 } generates Q(φ) and is called a basis of Q(φ). Each element α ∈ Q(φ), has a unique representa- . The algebraic number field K generated by φ is Q(φ) = {a + bφ + cφ 2 + dφ 3 , a, b, c, d ∈ Q} when K is considered as an extension of Q. K = Q(i, φ) = {e + f φ, e, f ∈ Q(i)} when K is considered as an extension of Q(i). The set {1, φ, φ 2 , φ 3 } is a basis of K = Q(φ) over Q and the set {1, φ} is a basis of K = Q(i, φ) over Q(i).
Definition 4: If φ is not algebraic it is called transcendental.
Example 4: φ = e, φ = e i , and φ = π are transcendental (Hermite, Lindemann) [9, p. 47]; but φ = e ikπ/n , k, n ∈ Z is algebraic (Hermite) [9, Chapter 2].
B. Code Construction
In order to transmit at a full data rate and also satisfy the construction criteria [8] , [3] , we propose the following ST code
with θ 2 = φ and φ = e iλ , such that λ is a real parameter to be optimized. We suppose that the information symbol vector s = (s 1 , . . . , s 4 
4 (QAM, or PAM). We note that hereafter we use the Cartesian product sign in order to denote multi-dimensional constellations, while when using a specific constellation of size q, we put q before the constellation name; for example, if we have 4 symbols s 1 , . . . , s 4 , such that each one belongs to the con-
Independent of C, the coding gain over
4 , the coding gain of
where multiplying the vector (s 1 − s 2 ) by 1/2 denotes the multiplication of each component of the vector by 1/2. This is performed for normalization purposes. The inequality δ
Our aim is to maximize δ C B (φ) (maximum transmit diversity and coding gains) for every C ⊂ Z[i]
4 .
IV. Code Properties

A. Primary Results on Diversity and Coding Gain
We discuss in this Section the choice of φ such that the ST code B 2,φ has a maximum transmit diversity over all constellations carved from Z[i]
4 . Proposition 1: 1. If φ is an algebraic number of degree ≥ 4 over Q(i) then one guarantees the maximum transmit diversity over all constellations carved from
} is a basis of Q(i, φ) and therefore it is a free set, i.e., if
4 . Now, suppose that the degree of φ < 2. Then there exists a polynomial of degree 1 over Q(i) which has φ as a zero. Let µ φ (X) = X + 
iπ/8 then the minimal polynomial over Q(i) equals to µ φ (X) = X 4 −i, and is of degree 4. Hence one guarantees that there are no linear combinations from Q(i) among the set of numbers {1, e iπ/8 , e iπ/4 , e 3iπ/8 }, since this set is a basis of Q(i, φ). The coding gain obtained for this value of φ equals 0.1304 for C = 4-QAM 4 . Example 6: Let φ = 1, and let C = 4-QAM 4 be a constellation that contains the two vectors
The first condition in Proposition 1 is sufficient for the maximum transmit diversity, while the second condition is a necessary one. One can not say much about algebraic numbers of degrees 2 and 3. However, since in (6) one has only a linear combination of {1, φ, φ 2 , φ 3 } by s 
Since {1, φ} is a free set over Q(i) and since φ 2 ∈ Q(i), one has 
Since φ is of degree > 1, φ 2 is not a square in Q(i), i.e., there is no
. Thus in (9) one has s We note that for a 4-dimensional constellation C with a very high spectral efficiency (where the size of the constellation #(C) 1) the maximization of δ C B (φ) by computer search is very complex. This, along with the perspective of the generalization of our scheme to more than two transmitters, motivate the research of algebraic techniques for choosing φ (see Section VI).
B. Mutual Information
We write the received signal (2) when using (5) with SNR equal ρ as
where vec(X) arranges the matrix X in one column vector by putting its columns one after the other, 0 N ×M is an N × M matrix with entries 0, and w = vec(W) is a 2N × 1 column vector which represents the AWGN. The noise vector w is component-wise independent with variance σ 2 = 0.5 per real dimension. The channel H is modeled as in (2) and H is a new 2N × 2M channel matrix.
with ΦΦ H = I 2M . Definition 5: We say that the ST code B is information lossless if the capacity of the new precoded channel, H, obtained by considering the ST code as a part of the channel, has the same capacity of the original channel H. The difference between the capacities of the new and original channels represents the information loss of the ST code. The information loss can be measured either in bits PCU at a given SNR (dB) or in dB at the given spectral efficiency (bits PCU). The capacity of the new channel (11) is [2] , [7] 
where R s is the covariance matrix of s, and the multiplicative factor 1/2 is for the normalization of the capacity per channel use (T = 2). Proposition 3: The code B 2,φ (5) is information lossless, where the capacity of the new channel in (11) equals
Proof. The proof is direct when computing (12) with R s = I 2M which maximizes the mutual information [7] , [12] 
where one uses the equality
to justify the second equation in (14) . 2 The capacity of the new precoded channel of the code G 2 equal to the capacity of an equivalent multi-antenna system with M = 2N transmit and 1 receive antenna with an SNR scaled by N [7] , [12] C G 2 (ρ, N ) = C (N ρ, 2N, 1) ≤ C(ρ, 2, N) , (15) where C(ρ, M, N ) (15) becomes strict when N > 1 [7] .
When N = 1, both ST codes B 2,φ and G 2 are information lossless, but G 2 outperforms B 2,φ since the former ST code has a better coding gain (1 compared to 0.2369 for 4-QAM). When N > 1, Proposition 3 states that the Alamouti code has an information loss compared to the ST code B 2,φ by virtue of C(N ρ, 2N, 1) < C(ρ, 2, N) (15) . This also allows us to state that the information loss increases with N .
Computing the quantities in (14) , and (15), one obtains that the Alamouti code has an information loss of about 2.6 dB compared to the code B 2,φ at a spectral efficiency of 4 bits PCU when N = 2 receive antennas. When N = 10, the information loss of the Alamouti code is approximately 3.7 dB at a spectral efficiency of 4 bits PCU, and it is more than 20 dB at a spectral efficiency of 16 bits PCU. It is worth noting that the information loss gives a good approximation of the difference in performance between G 2 and B 2,φ obtained in Section VII, since both codes achieve the maximum transmit diversity.
Note that when considering the information loss, an ST code can only worsen things or at most be harmless. The role of ST codes is to provide transmit diversity, and/or to simplify the ML decoding by introducing structure in the new channel matrix as done by the Alamouti code or the codes from orthogonal design [3] . When N = 1, we are in the lucky situation where the Alamouti code is information lossless, while achieving the maximum transmit diversity and coding gains. However, as it is impossible to have information lossless ST codes from orthogonal design when N > 1 [3] , [7] , the ST code B 2,φ is an advantageous alternative to the Alamouti code since it is information lossless and it achieves the maximum transmit diversity with optimized coding gain. The drawback of using the code B 2,φ is the increase of the decoding complexity.
Remark 1: Note that the ST code B 2,φ can be obtained from the code LD 2 [7] (and vice versa) by means of a unitary transformation s −→ Ψs with
with θ and φ as in (5) . Both ST codes B 2,φ and LD 2 are information lossless. The difference with [7] is that our ST code satisfies also the rank and determinant criteria [8] , [3] which boosts the performance of B 2,φ compared to the code LD 2 [7] (see Fig. 1 ). Note that the code LD 2 equal to B 2,φ , with φ = 1. As noticed in Example 6, the code LD 2 does not satisfy the rank and determinant criteria.
C. Constellation Shape
We study here some practical properties of the ST code (5). Over the first transmit antenna and the first time interval and also the second transmit antenna and the second time interval, the code B 2,φ transmits signal points from
where S can be QAM or PAM modulation. Over the first transmit antenna and the second time interval and also the second transmit antenna and the first time interval, the code B 2,φ transmits signal points from θQ = {θs, s ∈ Q}, with θ 2 = φ = e iλ . While the average transmitted energy of the original constellation S is preserved when using the code B 2,φ , the dynamic range of each transmitted symbol increases considerably. A high dynamic range may cause operating in the nonlinear region of power amplifiers due to a high peak-to-average power ratio (PAPR). We note the similarity of our problem with that of multi-carrier transmission (OFDM) where one reduces the PAPR by the use of concatenating error correcting codes (see for example [13] and [14] and references therein). The use of similar techniques as in OFDM to reduce the PAPR for the code B 2,φ is under investigation.
V. Decoding
Consider the received signal (11) . Assuming that there is sufficient spacing between each of the M transmit antennas (and likewise between each of the N receive antennas), it can be proved that the new channel matrix H is almost sure (a.s.) full rank. The latter property allows to apply the sphere decoder on the real representation of (11) for N ≥ 2, which can be seen as a lattice point in R 2T N [6] . The principle of the sphere decoder is to limit the minimization of the ML metric to the lattice points enclosed inside a sphere of radius C. It takes advantage of the regular lattice structure in order to enumerate the lattice points enclosed by the sphere. Each time a lattice point is found inside the sphere, one decreases the sphere radius accordingly [6] , [15] . The sphere decoder reaches ML performance and has a polynomial complexity in 2T M, linear in N and nearly independent of the rate [6] , [15] , [16] . For N = 1, one can apply the generalized sphere decoder and reaches near ML performance, but with an additional complexity proportional to the square of the constellation size [17] .
When the number of receive antennas N M = 2, one can use a sub-optimal scheme based on successive interference cancellation (SIC) such as [4] , [18] to perform the decoding of (11) . Because in such a situation, the performance of the sub-optimal scheme approaches the ML decoding performance with a lower complexity [4] , [18] .
VI. Relating the Problem of Maximizing the
Coding Gain to Number Theory and Lattices Here we relate the maximization of δ C B (φ) (7) to the simultaneous Diophantine approximation of complex numbers by algebraic numbers. This will allow for the derivation of lower and upper bounds on δ C B (φ). Next, we relate the considered problem to lattices, and propose a heuristic approach to choose φ when the size of the constellation is very large. The interested reader might consult [9, Chapter 1], [10, Chapter 5], or [11, Chapter 2] .
First, let us define the quantity
for s j ∈ Z[i], j = 1, . . . , 4 and φ algebraic of degree n. By definition, δ C B (φ) is the minimum of (1/2)γ over s = (s 1 , . . . , s 4 ) T = (1/2)(s 1 − s 2 ), s 1 = s 2 ∈ C. Number theory allows us to determine how small can we make γ in terms of φ and the amplitudes and degrees of s 1 , . . . , s 4 . Thus, one expects to determine the order of magnitude of δ C B (φ) in terms of φ and C. Let us recall that our aim is to choose φ that maximizes the minimum of γ over a given 4-dimensional constellation C.
A. Number Theory Definitions and Results
Definition 6: The simultaneous Diophantine approximation
Given rationals α 1 , . . . , α n , > 0, and an integer ν > 0, decide if there exist integers p 1 , . . . , p n and an integer q > 0 such that q ≤ ν and |qα j − p j | < for j = 1, . . . , n. Since Q is everywhere dense in R, it follows that the above approximation can be made as close as necessary. Thus, it makes sense to consider its relative closeness, and especially to answer the question how small can we make the integer q.
A closely related problem is the following [10] Definition 7: The small linear form problem Given rationals α 1 , . . . , α n , > 0, and an integer ν > 0, find integers p 1 , . . . , p n , not all 0, such that |p j | ≤ ν for j = 1, . . . , n and |α 1 p 1 + . . . + α n p n | < .
Similarly one can consider the approximation of complex numbers by algebraic numbers, which is our case of interest in this paper. Given z ∈ C, we consider |z − α| with α algebraic. Since the field of algebraic numbers is everywhere dense in C, it follows that z can be approximated arbitrarily closely by α algebraic. The approximation theory provides the order of this closeness |z − α|, which depends on the considered Q(α). One has the following theorem which is a generalization of Liouville's theorem over real numbers [9, pp. 23-32] Theorem 1: If φ is an algebraic number of degree n ≥ 1 and height h, then for any α = φ algebraic of degree k ≥ 1 and height H, one has
The generalized Liouville's theorem is a necessary condition for a number to be algebraic. It proves that the numbers in C which are algebraic are not very well approximated by other algebraic numbers. The restriction of Theorem 1 over R allows one to show that the irrational quadratic numbers have the worst order of approximation by rationals p q . It is worth mentioning that in this case, a well known approach to determine the order of approximation of irrational numbers by rationals is the theory of continued fractions [19] .
Definition 8: A continued fraction expansion of α ∈ R is given by
Another way of writing the above expansion of α is
where a j , j = 0, 1, 2, . . . , are called the quotients of the continued fraction expansion of α. It is clear that if α ∈ Q then its continued fraction expansion is finite (i.e., a j = ∞ for some j). On the other hand α is not well approximated by a rational if a j , j ≥ 1, are all relatively small [10] . The generalized Liouville's theorem gives a lower bound on the approximation of φ algebraic by another α = φ algebraic, which can be considered as 1-dimensional Diophantine approximation. The following result, which is based on Liouville's theorem, gives a lower bound on the simultaneous approximation of algebraic numbers by other algebraic numbers [9, p. 34] Theorem 2: Suppose that α 1 , . . . , α m are algebraic numbers, and n is the degree of the algebraic number field Q(φ) that contains these numbers. Then for any polynomial P (X 1 , . . . , X m ) ∈ Z[X 1 , . . . , X m ] with degree ≤ k, and height ≤ H, either P (α 1 , . . . , α m ) = 0 or else
with c constant depending only on 
Lindemann also showed that if α is an algebraic number = 0, then e α is transcendental.
B. Further Results on Diversity and Coding Gain
In view of Theorem 3, one obtains the following result Proposition 4: A maximum transmit diversity of B 2,φ can be guaranteed by choosing φ = e iλ with λ = 0 algebraic (φ is transcendental). In particular, φ = e i/2 , and φ = e 0.521i , guarantee a maximum transmit diversity over all constellations carved from Z[i]
Proof.
Let λ = 0 be an algebraic number, then {0, iλ, 2iλ, 3iλ} are distinct algebraic numbers. Applying the Theorem of Lindemann on {1, φ, φ 2 , φ 3 } with φ = e iλ , yields that if 
. . , 4 and φ algebraic integer of degree n > 3 over Q(i) such that s 1 , . . . , s 4 , φ ∈ Q(i, φ) of degree n over Q(i). Note that due to Galois theorem [11] Q(i, φ) is of degree 2n over Q. Furthermore let
The degree of P (X 1 , . . . , X 5 ) is k ≤ 3 and its height H = 1. By Theorem 2, either P (s 1 , . . . , s 4 , φ) = 0, or else 
where r > 0 an integer such that rs j is algebraic integer for j = 1, . . . , 4 and rφ is algebraic integer. c 0 = 1 + 
C. Relation to Lattices
We note briefly here the relation between maximizing the coding gain of our ST code and the problem of finding nonzero short vectors in a given lattice [11] . First, let us define the quantity
It is easily seen that for a given constellation
there exists
Hence, finding φ that guarantees an acceptable value of ∆ C B , ensures a good value of δ C B . Based on the above discussion we propose a heuristic approach to find φ with δ C B (φ) not too small for #C 1, or for an eventual generalization of our scheme to more than 2 transmit antennas:
1. As a necessary condition, φ should be chosen such that {φ 
, with ν being the maximum absolute value taken by the symbols from the considered constellation. I 4 is the identity matrix of dimension 4. This step gives a good approximation of ∆ C B (φ) [11] . In fact, the lattice generated by A is Λ = {u = As, s ∈ Z[i]
4 } ⊂ C 5 , which can also be seen as a subset of R 10 upon representing Because we know that step 1 can be approached in two ways • Either by choosing φ algebraic with small degree and small height (Liouville's Thereom). Some interesting numbers satisfying the above constraints are the cyclotomic numbers which are the nth roots of unity ζ n = e 2iπ/n (such as e iπ/8 or e iπ/4 ) [11] . The minimal polynomial of
GCD(n, j) the greatest common divisor of n and j. The degree of ζ n over Q equals φ(n), the Euler function [11] , which represents the number of integers 1 ≤ j < n such that GCD(n, j) = 1.
• Or one may choose φ transcendental such as the quotients of its continued fraction expansion are bounded [9] . The advantage of step 2 above is that the sphere decoder is an efficient algorithm nearly independent of the constellation size. Thereby, one can guarantee acceptable values of ∆ C B (φ) for C with very large size. We used step 2 above to compute ∆ C B for C with different values of ν. We have found that ∆ C B (φ), with φ = e iπ/8 , is always a local maximum for ν = 2, 4, 100, which confirms our results in Section VI-B. Note that e iπ/8 gives an acceptable value of δ C B for C = 4-QAM 4 and C = 16-QAM 4 . We note also that ∆ C B (e iπ/4 ) = 0, because ie iπ/4 = −i. It is an interesting approach to see the design of spacetime encoding as searching irrational numbers the "furthest" from rational approximations. On the other hand, the decoding process is equivalent to searching rational integers the closest to irrational numbers; and both, encoding and decoding, can be approached by the same algorithm (sphere decoder) of searching nonzero short vectors in a given lattice.
Remark 2: The real 2×2 rotation Θ obtained in [20] in order to maximize the minimum product distance defined as d p,min = min (s1,s2) =(0,0)∈Z 2 {|y 1 ||y 2 |, y = Θs}, can also be considered as a 1-dimensional Diophantine approximation. One has
Hence
Note that by choosing β not to be "well approximated" by a rational number 2 . In deed, β opt = n g is found by computer search to maximize d p,min over the BPSK constellation in [20] and over the 16-PAM constellation in [22] . We note that the Golden number n g is in a sense the "furthest" real number from any rational approximation. In fact, the continued fraction expansion quotients of n g are [1; 1, 1, . . .], and hence n g is the irrational number the most poorly approximated by rational fractions [19, p. 36] .
We also note that the rotation Θ in (33) is used for the diagonal algebraic ST code of rate 1 symbol PCU over M = 2 transmit antennas along with Hadamard transform in [5] .
VII. Simulations Results
The channel is modeled as (2)- (11); we compare the ST code B 2,φ (with φ = e i/2 for 4-QAM, φ = e 0.521i for 16-QAM, and φ = e iπ/4 for 256-QAM) with the Alamouti scheme and the code LD 2 , at the same spectral efficiency and the same average transmitted power. The sphere decoder is used to decode both ST codes B 2,φ and LD 2 . The number of receive antennas equals N = 2 in Fig. 1 and N = 10 in Fig. 2 . In both figures we plot the average bit error rate as a function of SNR. Fig. 1 , shows that the code B 2,φ outperforms the Alamouti code at low and high SNR. For example, at a spectral efficiency of 8 bits PCU, ST code B 2,φ shows about 2.5 dB gain over the Alamouti code. At a spectral efficiency of 8 bits PCU, the code LD 2 , has a better performance than the Alamouti code for SNR ≤ 33 dB. This is due to the information loss of the Alamouti code. Note that the slope of the LD 2 curves are different from the Alamouti code and B 2,φ , because LD 2 does not satisfy the rank and determinant criteria [8] , [3] , thus for relatively high SNR, the Alamouti code becomes better. On the other hand the code B 2,φ satisfies all the desired criteria, and has a better performance than both the Alamouti code and the code LD 2 at low and high SNR. In Fig. 2 , for N = 10 and at a spectral efficiency of 16 bits PCU our scheme has a gain of more than 20 dB over the Alamouti code. We also notice the difference in performance is enhanced when N or the spectral efficiency increases, which is confirmed by the information loss of the Alamouti code (see Section IV).
It has been observed that small changes of φ imply small changes of the error probability curves as long as one chooses φ to guarantee the maximum transmit diversity. Nonetheless, the problem of searching φ that maximizes the coding gain is very interesting from theoretical point of view. As for optimizing the performance of the scheme, one notes that the main role is played by the sphere decoder which reaches the ML detection performance of the proposed code with a moderate complexity, and in most cases, has a dramatic improvement over sub-optimal detection schemes [6] . This emphasis on the importance of the sphere decoder is true for many high rate linear ST codes such as the codes in [5] - [7] . 
VIII. Conclusion
We have proposed a new space-time code over 2 transmit and N receive antennas which maximizes the transmit diversity and the coding gain. The proposed code is in- formation lossless, and is shown to largely outperform the Alamouti code when N ≥ 2. Due to the lattice structure of the proposed code, the ML decoding can be performed at a moderate complexity using the sphere decoder. Tools from algebraic number theory and the geometry of numbers were used to optimize the diversity and coding gains of the proposed code. 
